Let V be a simple vertex operator algebra and G a finite automorphism group of V such that V G is regular. It is proved that every irreducible V G -module occurs in an irreducible g-twisted V -module for some g ∈ G. Moreover, the quantum dimensions of each irreducible V G -module are determined and a global dimension formula for V in terms of twisted modules is obtained.
Introduction
This paper deals with general orbifold theory. More precisely, we are trying to understand the representation theory for the fixed point vertex operator subalgebra of a vertex operator algebra under the action of a finite automorphism group. Let V be a rational vertex operator algebra and G a finite automorphism group of V. The well known orbifold theory conjecture says that V G is rational and every irreducible V G -module occurs in an irreducible g-twisted V -module for some g ∈ G. Proving this conjecture is definitely the major task in orbifold theory.
The appearance of the twisted modules is the main feature of the orbifold theory. The twisted modules for lattice vertex operator algebras were constructed and studied in [FLM1] , [L] , [FLM2] , [DL2] . The abstract twisted representation theory such as g-rationality and classification of irreducible g-twisted V -modules were investigated in [DLM4] in terms of Zhu's algebra [Z] , and extended further in [DLM5] , [DLM6] , [MT] . The number of inequivalent irreducible g-twisted V -modules was determined if V is grational and C 2 -cofinite using the modular invariance of trace functions in orbifold theory [DLM7] .
Motivated by the orbifold theory conjecture, decomposition of V into a direct sum of irreducible V G -modules was initiated in [DM] and [DLM2] . It was shown that G and V G form a dual pair on V in the sense of [H1] - [H2] and a Schur-Weyl duality was obtained.
The decomposition of an arbitrary irreducible g-twisted V -module into a direct sum of V G -modules was achieved in [DY] and [MT] . In other words, the irreducible V G -modules occurring in all irreducible twisted modules were classified.
We establish in this paper that if V G is rational, C 2 -cofinite and the weight of any irreducible g-twisted V module except V itself is positive then every irreducible V Gmodule is a V G -submodule of irreducible g-twisted V -module for some g ∈ G. This result reduces the orbifold theory conjecture to the rationality of V G . The main tool we use to prove the result is the modular invariance of trace functions [Z] , [DLM7] . This explains why the C 2 -cofiniteness is necessary. The assumption that any irreducible g-twisted Vmodule has a positive weight except the vertex operator algebra itself holds for the most well known rational vertex operator algebras. This assumption will allow us to use the tensor product and related results given in [H] , [DLN] .
We compute the quantum dimensions of any irreducible g-twisted V -module and any irreducible V G -module. The quantum dimension for a V -module was defined and studied in [DJX] to have a full Galois theory V G ⊂ V [DM] , [HMT] where the quantum dimension qdim V G V plays the role that the ordinary dimension plays in the classical Galois correspondence. The quantum dimensions of the irreducible modules are the important invariants of V and the product formula qdim V (M ⊠ N) = qdim V Mqdim V N for any V -modules M, N is very useful in computing the fusion rules. An explicit relation between the quantum dimension of an irreducible g-twisted V -module M and the quantum dimension of an irreducible V G -submodule of M is given. We also find several interesting formulas on the global dimension of V. The global dimension is defined to be the sum of the squares of the quantum dimensions of the inequivalent irreducible V -modules [DJX] . The global dimension, in fact, is the Frobenius-Perron dimension of the V -module category [ENO] , [H] and [DJX] . It was established in [DJX] that the global dimension glob(V ) is equal to
where S V,V is an entry of the S-matrix associated to V. The entry S W,V G of the S-matrix associated to V G for any irreducible V G -module W is determined in this paper. It turns out that S V G ,V G = 1 |G| S V,V . This leads to the well known formula glob(V G ) = |G| 2 glob(V ) which was known using the category theory [H] , [DMNO] , [KO] , [ENO] (see Theorem 2.9 of [ADJR] ). The same formula also appears in the setting of conformal nets in [X] and [KLX] . Moreover, we discover that |G| glob(V ) is a sum of squares of the quantum dimensions of all irreducible g-twisted modules where g runs through G. This suggests a stronger result that for any automorphism g of V of finite order, glob(V ) is a sum of squares of the quantum dimensions of the irreducible g-twisted V -modules. A proof of this result involves with the fusion rules and the S-matrix of V G with G being the cyclic group generated by g. The paper is organized as follows. In Section 2, we define twisted modules, grationality following [DLM4] . We also review some results used in this paper for g-rational vertex operator algebras and the modular invariance of trace functions from [DLM7] . The transformation of these functions by the S = 0 −1 1 0 plays an essential role in the computation of the quantum dimensions and the global dimensions. In Section 3, we first review the irreducible V G -modules occurring in irreducible g-twisted modules from [DLM2] , [DY] and [MT] . We then establish that these modules are complete by showing that
where W runs through the inequivalent irreducible V G -modules occurring in irreducible g-twisted modules for g ∈ G. Section 4 is devoted to the study of quantum dimensions and global dimensions. First, the quantum dimension of any irreducible g-twisted module M is computed by using the S-matrix. The quantum dimension of any irreducible V G -submodule of M is obtained using the quantum dimension of M. This leads to a global dimension formula of V in terms of quantum dimensions of all irreducible twisted modules. We explain these results using the Heisenberg vertex operator algebras, the rank one lattice vertex operator algebras and the tensor product of vertex operator algebras. In Section 5 we show that for any automorphism g of V of finite order, glob (V ) is a sum of squares of the quantum dimensions of the irreducible g-twisted V -modules. As an application we prove that if V is holomorphic and G is a cyclic group, then every irreducible V G -module is a simple current. We also show the V G -module category is equivalent to the D(G)-module category as tensor categories where D(G) is the Drinfeld double associated to G.
Preliminary
The various notions of twisted modules for a vertex operator algebra following [DLM4] are reviewed in this section. The concepts such as rationality, regularity, and C 2 -cofiniteness from [Z] and [DLM3] are discussed. The modular invariance property of the trace functions in orbifold theory from [Z] and [DLM7] are also given.
Basics
Let V be a vertex operator algebra and g an automorphism of V of finite order T . Then V is a direct sum of eigenspaces of g :
where V r = {v ∈ V |gv = e −2πir/T v}. We use r to denote both an integer between 0 and T − 1 and its residue class mod T in this situation. Definition 2.1. A weak g-twisted V -module M is a vector space equipped with a linear map
which satisfies the following:
There is another important concept called C 2 -cofiniteness [Z] .
Definition 2.5. We say that a vertex operator algebra V is
The following results about g-rational vertex operator algebras are well-known [DLM4] , [DLM7] .
(2) There are only finitely many irreducible admissible g-twisted V -modules up to isomorphism.
(3) If V is also C 2 -cofinite and g i -rational for all i ≥ 0 then the central charge c and the conformal weight λ of any irreducible g-twisted V -module M are rational numbers.
Definition 2.7. A vertex operator algebra V is called regular if every weak V -module is a direct sum of irreducible V -modules.
A vertex operator algebra V = ⊕ n∈Z V n is said to be of CFT type if V n = 0 for negative n and V 0 = C1. It is proved in [ABD] that if V is of CFT type, then regularity is equivalent to rationality and C 2 -cofiniteness. Also V is regular if and only if the weak module category is semisimple [DYu] .
Modular Invariance
Let V be a vertex operator algebra, g an automorphism of V of order T and M = ⊕ n∈
For any homogeneous element v ∈ V we define a trace function associated to v as follows:
is the degree zero operator of v. This is a formal power series in variable q. It is proved in [Z] and [DLM7] that Z M (v, q) converges to a holomorphic function on the domain |q| < 1 if V is C 2 -cofinite. We also use Z M (v, τ ) to denote the holomorphic function Z M (v, q). Here and below τ is in the complex upper half-plane H and q = e 2πiτ . Note that if v = 1 is the vacuum then Z M (1, q) is the formal character of M. We simply denote Z M (1, q) and Z M (1, τ ) by χ M (q) and χ M (τ ), respectively. χ M (q) is called the character of M.
To proceed further, we need the action of Aut(V ) on twisted modules [DLM7] . Let g, h be two automorphisms of V with g of finite order.
This defines a left action of Aut(V ) on weak twisted V -modules and on isomorphism classes of weak twisted V -modules. Symbolically, we write
where we sometimes abuse notation slightly by identifying (M, Y M ) with the isomorphism class that it defines. If g, h commute, h clearly acts on the g-twisted modules. Denote by M (g) the equivalence classes of irreducible g-twisted V -modules and set
The linear map ϕ(h) is unique up to a nonzero scalar. If h = 1 we simply take ϕ(1) = 1. For v ∈ V we set
In the rest of this paper we assume the following:
(V1) V = ⊕ n≥0 V n is a simple vertex operator algebra of CFT type, (V2) G is a finite automorphism group of V and V G is a vertex operator algebra of CFT type,
The conformal weight of any irreducible g twisted V -module for g ∈ G except V itself is positive.
The following results are obtained in [ABD] , [ADJR] and [HKL] .
Lemma 2.8. Let V and G be as before.
There is another vertex operator algebra (V,
for homogeneous v. We also write
If v ∈ V is homogeneous in the second vertex operator algebra, we denote its weight by wt [v] . Let P (G) denote the ordered commuting pairs in G.
We now define an action of the modular group Γ on W such that
where
We let γ ∈ Γ act on the right of P (G) via
Using Lemma 2.8 we have the following results [DLM7] :
In particular, the number of inequivalent irreducible g-twisted V -modules is exactly the number of irreducible V -modules which are g-stable.
Remark 2.10. There are two special cases most in the present paper: If γ = S = 0 −1 1 0 we have:
for M ∈ M (g) and
Since we are dealing with various vertex operator algebra, we use 
Fuison rules and Verlinde Fromula
Let V be as before and
The following Verlinde formula [V] was proved in [H] .
Theorem 2.11. Let V be as before. Then
We also have [DLN] :
Proposition 2.12. The S-matrix is unitary and
A simple current M has order n > 0 if n is the least positive integer such that M ⊠n = V. In fact, the simple currents form an abelain group with product ⊠ and n is exactly the order of M in this group.
Lemma 2.13. If M is a simple current of order n then
is a n-th root of unity for any irreducible V -module N. Moreover, F (M ⊠r ) = F (M) r for any integer r.
Proof. Consider the vector space with a basis M V . The ⊠ makes this space a module for the group of simple currents. The corresponding matrix of M with respect to the basis M V is exactly F (M). So the eigenvalues
3 Classification of irreducible modules for V
G
In this section we give a classification of irreducible modules of V G and show that any irreducible V G module occurs in an irreducible g-twisted V -module for some g ∈ G.
We may assume that α M is unitary [C] . That is, there is a fixed positive integer n such that
2πin for all n. It is easy to check that
as constant e 2πir/T . This fact will be useful later.
Denote the corresponding simple module by W λ . Using the fact that M is a semisimple
, we can, in fact, realize M λ as a subspace of M in the following way. Let w ∈ W λ be a fixed nonzero vector. Then we can identify hom
and each M λ is a module for vertex operator subalgebra V G M -module.
Theorem 3.1. With the same notation as above we have:
The proof of this theorem is similar to that of Theorem 5.4 of [DY] using the twisted associative algebras A g,n (V ) [DLM5] , [DLM6] . We refer the reader to [DY] for details.
Recall that the group G acts on set S = ∪ g∈G M (g) and M • h and M are isomorphic V G -modules for any h ∈ G and M ∈ S. It is clear that the cardinality of the G-orbit
The following result comes from [MT] (also see [DLM2] , [DY] ) which is a generalization of Theorem 3.1.
This result gives a complete classification of irreducible V G -modules occurring in the irreducible g-twisted V -modules for g ∈ G. We now use the modular invariance to prove that these irreducible V G -modules are the all irreducible V G -modules.
Proof. Recall from Section 2.2 about the S-matrix for vertex operator algebra V G . We know that
Using (2.3) and the orthogonality property of the irreducible characters of G gives
By Theorems 3.1 and 3.2,
and the proof is complete.
Remark 3.4. In the proof of Theorem 3.3 we did not use the assumption (V4), but we did need to assume that V G is self-dual.
The following result is an immediate consequence of Theorem 3.2 and assumption (V4). This result allows us to use various results on the quantum dimensions for vertex operator algebra V G [DJX] . We now discuss the modularity of Z M (v, (g, h), τ ). Recall from [DLN] Proof. Using the decomposition we see that
The result follows.
Quantum dimensions
In this section we compute the quantum dimensions of the irreducible g-twisted V -modules and irreducible V G -modules. We also obtain relations between the global dimensions of V and V G , and the global dimension of V and the quantum dimensions of irreducible g-twisted V -modules.
Definition
Let V and G be as before. Let g ∈ G and M a g-twisted V -module. Then M is a finite sum of irreducible g-twisted V -modules. In particular, each homogeneous subspace of M is finite dimensional.
From the discussion before we know χ V (τ ) and χ M (τ ) are holomorphic functions on H. The quantum dimension of M over V is defined to be
where y is real and positive. In the case g = 1 this is exactly the definition of the quantum dimension of a V -module given in [DJX] . Alternatively, we can define quantum dimension as
using the relation q = e 2πiτ . Note that it is not obvious that the qdim V M exists from the definition. But for any V -module M, qdim V M always exists and is greater than or equal to 1 [DJX] . We will prove later that for any g and any g-twisted
We now see two examples. First consider the Heisenberg vertex operator algebra M(1) constructed from the vector space H of dimension d and with a nondegenerate symmetric bilinear form. The quantum dimension of any irreducible M(1)-module has been computed in [DJX] . We now consider the automorphism θ of M(1) induced from the −1 linear map on H. Then M(1) has a unique irreducible θ-twisted module M(1)(θ) (see [FLM2] for the details). The following character formula for M(1)(θ) is well known:
Using the well known transformation formula
Note that both M(1) and the θ-invariants M(1) + are not rational and infinitely many irreducible modules. Although the results later on quantum dimensions do not apply to M(1) and M (1) + . But they may explain why qdim M (1) M(1)(θ) is infinity. Our second example is the lattice vertex operator algebra V L where L = Zα is an even positive definite lattice with (α, α) = 2k for k ≥ 1. We know from [D1] and [DLM3] that V L is rational and irreducible modules are V L+ r 2k α for r = 0, ..., 2k − 1. Again the −1 isometry of L induces an automorphism of V L . In this case V L has exactly two irreducible θ-twisted modules V
Zα-module such that α acts as (−1)
i [FLM2] , [D2] . We know again from [DJX] that each irreducible V L+ r 2k α has quantum dimension 1. The character of V L is given by
where the theta function is defined as
with the transformation law
Zα is the dual lattice of L. Thus
In both examples we use the transformation law of certain modular forms to compute the quantum dimension. But the quantum dimension qdim
L will also follow a general result on rational vertex operator algebra.
Quantum dimensions of twisted modules
The existence of the quantum dimension for a g-twisted V -module is established in this subsection. In fact we give a explicit formula of the quantum dimension in terms of the S-matrix.
Proposition 4.1. Let V and G be as before, and M a g-twisted V -module for some g ∈ G.
Proof. The proof is similar to that of Lemma 4.2 of [DJX] . Since M is a direct sum of finitely many irreducible g-twisted V -modules, we can assume that M is irreducible. Using (2.2) with v = 1 we have
where we have used the fact that lim y→∞ [DLN] , but it is not clear at this point that S M,V is positive. We will show in the next subsection that S M,V is always positive. In other words, qdim V M is always positive.
Quantum dimensions of V G -modules
In this subsection we compute the quantum dimensions of irreducible V G -modules We first need a result on the projective representations of a finite group K. Let α be a unitary 2-cocycle of K. That is, α(a, b) ∈ κ for all a, b ∈ K where κ = e 2πi/n . Let K = K × κ . ThenK is a finite group with product (a, κ s )(b, κ t ) = (ab, α(a, b)κ s+t ) for a, b ∈ K and s, t ∈ Z. ThenK is a central extension of K and the twisted group algebra C α [K] can be regraded as the quotient of C[K] by identifying the abstract group element κ with e 2πi/n . Let χ 1 , χ 2 be two irreducible characters of
Lemma 4.3. Let χ 1 , χ 2 be two irreducible characters of
The following orthogonal relation holds:
Proof. We can regard χ 1 , χ 2 as irreducible characters ofK in an obvious way. Then
The result follows immediately by noting that |K| = n|K|.
We are now in a position to compute the quantum dimensions of irreducible V Gmodules.
Theorem 4.4. Let V, G, g be as before, M an irreducible g-twisted V -module and λ ∈ Λ G M ,α M . We have
Moreover, qdim V M takes values in {2 cos π n |n ≥ 3} ∪ [2, ∞) and S M,V is positive.
Proof. Using Lemma 4.3 we see that
By Theorem 2.9 we have
On the other hand,
So we need to look for the coefficient of Z V G (v, τ ) in the right hand side of equation (4.4).
From the decomposition
and Theorems 3.1, 3.2 we know that
, τ ) is 1. As a result we see the coefficient of
It follows from Proposition 4.1 (also see the proof of Lemma 4.2 of [DJX] ) that
To prove that the inequality qdim V M lies in {2 cos π n |n ≥ 3} ∪ [2, ∞) we take G to be the cyclic group generated by g. We have mentioned already that G M = G in this case and M is a G-module. Since G is abelian, any irreducible module is one-dimensional. Using (4.3) and fact that qdim V G M λ belongs to {2 cos π n |n ≥ 3} ∪ [2, ∞) [DJX] concludes that qdim V M lies in {2 cos We remark that equation (4.3) also appears in the conformal net setting in Th. 4.5 of [KLX] .
The following corollary is immediate by noting that
Corollary 4.5. We have
for any irreducible g-twisted V -module M.
Theorem 4.4 has been obtained previously in [DJX] with M = V. That is, qdim V G V λ = dim W λ . We next explain the appearance of |G| |G M | in the quantum dimension qdim V G M λ and its relation with a Schur-Weyl duality [DY] , [MT] .
Recall S is the set of equivalent classes of irreducible g-twisted modules for g ∈ G. We need to recall the construction of the finite dimensional semisimple associative algebra A α (G, S) defined in [DY] . As we have mentioned already that G acts on S by sending (M, h) to M • h for h ∈ G and M ∈ S. Let M ∈ S and x ∈ G. Then there exists
lies in U(CS). It is easy to check that
for a, b ∈ G and M, N ∈ S. Then A α (G, S) is a semisimple associative algebra. Moreover, ⊕ N ∈S N is an A α (G, S)-module with the action: for M, N ∈ S and w ∈ N we set
where φ N (a) : N → N ·a −1 [DY] . It is clear that the action of A α (G, S) and
It is easy to see that dim Ind
W λ for j ∈ J and λ ∈ Λ G M j ,α M j give a complete list of inequivalent irreducible A α (G, S)-modules. So the associative algebra A α (G, S) and V G form a dual pair on
By Theorem 4.4 we have
From Theorem 3.3 and discussion above, we see that the V G -module category is equivalent to the A α (G, S)-module category (here we only consider finite dimensional modules for A α (G, S)). From [HL1] - [HL3] , [H] , the V G -module category if a modular tensor category. So A α (G, S) should be a bialgebra and its module category should be a modular tensor category. It is definitely interesting problem to find the coalgebra structure on A α (G, S) and define the tensor product in A α (G, S)-module category. This expected tensor product will be helpful in determining the fusion rules for V G . Another problem is to how to define the intertwining operators among g i -twisted V -modules M i where g i are any automorphism of V of finite order. If g 1 g 2 = g 2 g 1 and g 3 = g 1 g 2 this was achieved in [DLM1] . But it is not clear how to carry this out in general. It seems necessary to have intertwining operators among g i -twisted V -modules M i for the purpose of studying the fusion rules for V G . As in the untwisted case, the fusion rules among twisted modules should have connection with the quantum dimensions of twisted modules.
Global dimensions
In this subsection we give a relation between the global dimensions of V and V G . First recall from [DJX] that the glob (V ) 
Lemma 4.7. We have the following relation:
Proof. By Theorem 4.4 we know that
This result has been given in [ADJR] with a proof involving the category theory. The proof here uses the explicit expression of S V G ,V G . Toshiyuki Abe has independently obtained this result recently.
Recall that the M j are the orbit representatives. Here is another formula about the global dimension of V G in terms of quantum dimensions of qdim V M j .
Proposition 4.8. We have 5) or another formula for the global dimension of V
Proof. It is clear from Lemma 4.7 that these two identities are equivalent. So we only need to prove the first identity. By Theorems 3.2 and 3.3 we know that the inequivalent irreducible V G -modules are M j λ for j ∈ J and λ ∈ Λ G M j ,α M j . Using Theorem 4.4 we know that
Sum over j gives the desired result.
The problem with (4.6) is we need to use G M which is not known in general. We can reformulate (4.6) only using |G|. Recall S is the set of all inequivalent irreducible g-twisted V -modules for g ∈ G.
Corollary 4.9. The following identity holds:
Proof. From (4.6) we see that
Note that the G-orbit O M j has exactly [G : G M j ] irreducible twisted modules and all N ∈ O M j have the same character χ N (τ ) = χ M j (τ ), the same quantum dimension. Thus
Summation over the G-orbits gives the result.
It is worthy to mention that the formula (4.6) is true for any finite automorphism group G as long as conditions (V1)-(V4) hold. It seems that this formula is new.
Corollary 4.9 makes us believe that the following refinement of Corollary 4.9 is true: Let V be a rational vertex operator algebra, then for any automorphism g of finite order.
So as far as the global dimension concerns, all the elements in the automorphism group of V of finite orders have the equal weight.
Proposition 4.10. Let g be an automorphism of V of order less than or equal to 2 and V satisfy conditions (V1)-(V4) with G being the cyclic group generated by g. Then ( 4.7) is valid.
Proof. If o(g) = 2, this is clear from Corollary 4.9 with G being the group generated by g.
. So M and M ′ have the same quantum dimension. Using Corollary 4.9 with G being the cyclic group generated by g.
If o(g) = 4, then (4.7)is true for g 2 . Using Corollary 4.9 gives
As before we have
and the result follows.
We will prove (4.7) for general g in Section 5 as it involves more. Our next example comes from the cyclic permutation orbifolds from [BDM] . Let V be a simple, rational, C 2 -cofinite vertex operator algebra of CFT type such that the weight of any irreducible module is positive except for V itself. Let k be a fixed positive integer. Then V ⊗k is a vertex operator algebra [FHL] satisfying the same conditions and the symmtric group S k acts on V ⊗k naturally. Let g = (1, 2, ..., k). By [ADJR] ,
There is a functor T k g from the category of V -modules to the category of g-twisted V
⊗k -modules such that T k g (M) = M as vector space. Moreover,
Note that χ V ⊗k (τ ) = χ V (τ ) k . We now have the following standard computation
where we have used the fact that (0,...,0) as the weight of M t is positive except M 0 = V. This gives
M s ,V = 1 (see [DJX] and [DLN] ). So (4.7) is valid for V ⊗k and (1, 2, ..., k). One can also verify that (4.7) is true for V ⊗k and any g ∈ S k using [BDM] . We now go back to the lattice vertex operator algebra V L with L = Zα. Its irreducible modules are V L+ r 2k α for r = 0, ..., 2k − 1, and its irreducible θ-twisted modules are V
L directly. Notice from [DJX] that glob(V L ) = 2k as each irreducible module has quantum dimension 1. Since the order of θ is two, and
Of course, this is the same as before.
Global dimensions and twisted modules
Our main goal in this section is to prove (4.7) for general g. The key idea is to prove that the sum of the squares of the quantum dimensions of irreducible V G -modules appearing in irreducible g r -twisted modules is 1 T glob(V G ) for any r = 0, ..., T − 1 where G is the subgroup of Aut(V ) generated by g and T is the order of g.
Recall that V = ⊕ T −1 r=0 V r is the decomposition of V into the direct sum of eigenspaces V r of g with eigenvalue e −2πir/T .
Lemma 5.1. Let r ∈ {0, ..., T − 1} and M an irreducible g r -twisted V -module and M λ be an irreducible V G -submodule of M. Then
Proof. The proof is similar to that of Theorem 4.4. Note that G V = G. We have
Thus,
Note that for any N ∈ M (g r ), N • g ∈ M (g r ). Using Theorems 3.1 and 3.2 immediately gives the desired result.
Note from Theorem 2.11 that e 2πir/T are the eigenvalues of F (V 1 ) for the irreducible
where the sum is over the inequivalent irreducible V G -modules appearing in the irreducible g r -twisted V -modules.
Proof. Note from [DJX] that for any irreducible V G -module Z the quantum dimension
. Also recall from [DJX] that glob(
where we have used the fact that S-matrix is symmetric (see Theorem 2.11). It is equivalent to show that
It follows from Lemmas 2.13 and 5.1 we know that
for any X as before and s ∈ {0, ..., T − 1}. Using Theorem 2.11 and Proposition 2.12 we have orthogonal relation
This gives a linear system
for s = 0, ..., T − 1 with non-degenerate coefficient matrix A = (e 2πirs/T )
T −1 r,s=0 . So the linear system has a unique solution (x 0 , ..., x T −1 ). It is easy to see that
is a solution. The proof is complete.
Finally, we have the following result:
Theorem 5.3. Let g be an automorphism of V of order n < ∞ and V satisfy conditions (V1)-(V4) with G being the cyclic group generated by g. Then
Proof. We have already discussed that for any irreducible g-twisted V -module M, G M = G. That is each M itself is a G-orbit and irreducible V G -submodules appearing in different irreducible g-twisted V -modules are inequivalent V G -modules (see Theorem 3.2). Note that G is an abelian group and each irreducible g-twisted V -module is a direct sum of T irreducible V G -modules. By Theorem 4.4, for any irreducible
As a result, the sum of square of the quantum dimensions of inequivalent irreducible V G -modules appearing in M is T (qdim V M) 2 . Applying Theorem 5.2 and Lemma 4.7 we see that
as desired.
We now give an application of Theorem 5.3 to a holomorphic vertex operator algebra V which only has one irreducible module up to isomorphism, namely V itself.
Proposition 5.4. If V is a holomorphic vertex operator algebra and G a cyclic group, then any irreducible V G -module is a simple current.
Proof. From Theorem 4.4, the quantum dimension of any irreducible g-twisted V -module is greater than or equal to one for any g ∈ G. Using Theorem 5.3, for each g there is a unique irreducible g-twisted V -module V (g) up to isomorphism and qdim V V (g) = 1. This implies that G V (g) = G. According to a well known fact that any projective representation of a cyclic group is ordinary, we see that V (g) is a G-module. By decomposition (3.1) we have
where irr(G) is the set of irreducible characters if G. Moreover, each V (g) λ = 0. Using Theorem 4.4 concludes that qdim
Remark 5.5. Proposition 5.4 is false if V is not holomorphic. Here is a counter example. Consider the lattice vertex operator algebra V L with L = Zα and (α, α) = 2k. Let G be the cyclic group generated by theta which is the automorphism of V L induced from the −1-isometry of L. We have already known that V L has irreducible θ-twisted modules V We next compute the fusion rules for the vertex operator algebra V G in the setting of Proposition 5.4. For this purpose we need to recall the quantum double D(G) associated to the group G from [D] , [DPR] . The quantum double D(G) is the Hopf algebra with underlying vector space C[G] ⊗ C [G] * , multiplication, (x ⊗ e(g))(y ⊗ e(h)) = δ g,h xy ⊗ e(g) and coproduct ∆(x ⊗ e(g)) =
hk=g (x ⊗ e(h))(x ⊗ e(k)).
Clearly, D(G) is exactly the A α (G, S) as algebras defined before with trivial α. We can index the irreducible representations by (λ, e(g)) for g ∈ G and λ ∈ irr(G) such that x ⊗ e(h) acts as δ g,h λ(x). Observe that the tensor product of irreducible D(G)-modules obeys the following rule:
(λ, e(g)) ⊗ (µ, e(h)) = (λµ, e(gh)).
Proposition 5.6. Let V be a holomorphic vertex operator algebra and G a cyclic group. For g, h ∈ G and λ, µ ∈ irr(G) we have
That is , the V G -module tensor category and D(G)-module tensor category are equivalent.
Proof. Note that each irreducible V G -module V (g) λ is a D(G)-module which is a direct sum of D(G)-module (λ, e(g)). So V (g) λ ⊠ V (h) µ is also a D(G)-module. By Proposition 5.4, V (g) λ ⊠ V (h) µ is an irreducible V G -module as V (g) λ is a simple current. It is good enough to show that V (g) λ ⊠ V (h) µ is a D(G)-module with character (λµ, e(gh)).
Recall that the tensor product V (g) λ ⊠ V (h) µ is a V G -module together with an intertwining operator Y of type
such that for any V G -module W and any intertwining operator I of type
there is a unique V G -module homomorphism φ : V (g) λ ⊠ V (h) µ → W so that I = φY. We have already mentioned that D(G) = A α (G, S) and the actions of V G and D(G) commute on V (g) for all g ∈ G.
Note
We now define an action of D(G) on the space
Y x⊗e(k) (u, z)w = ab=k Y((x ⊗ e(a))u, z)(x ⊗ e(b))w for x, k ∈ G, u ∈ V (g) λ and w ∈ V (h) µ . It is easy to verify that
It is also clear that Y x⊗e(k) (u, z)w = δ k,gh Y((x ⊗ e(g))u, z)(x ⊗ e(h))w = λ(x)µ(x)Y(u, z)w.
is isomorphic to (λµ, e(gh)). Now consider the linear map (h) µ such that Y is mapped to u n w for any nonzero u ∈ V (g) λ and w ∈ V (h) µ and n ∈ Q. This map is a D(G)-module homomorphism. By [DL1] , there exist u, w and n such that u n w = 0. So V (g) λ ⊠ V (h) µ has a D(G)-submodule isomorphic to (λµ, e(gh)) and contains V (gh) λµ . As a result,
For general V the fusion rules are more complicated. However, we can determine the fusion rules among irreducible V G -modules appearing in V using [T] .
Corollary 5.7. Let V be a vertex operator algebra and G a finite automorphism group of V satisfying conditions (V1)-(V4). Then for any λ, µ ∈ irr(G)
Proof. From [DJX] we know that
From [T] , N Vγ V λ ,Vµ ≥ dim Hom G (W λ ⊗ W µ , W γ ). The proof is complete.
